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Abstract. In this paper, by the properties of p-adic invariant integral on Zp, 
we estabhsh various identities concerning the generahzed Bernoulh numbers and 
polynomials. From the symmetric properties of p-adic invariant integral on Zp, 
we give some interesting relationship between the power sums and the generalized 
Bernoulli polynomials. 
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51. Introduction 



Let p be a fixed prime number. Throughout this paper, the symbols Z, Zp, Qp, and 
Cp will denote the ring of rational integers, the ring of p-adic integers, the field of p-adic 
rational numbers, and the completion of algebraic closure of Qp, respectively. Let N be the 
set of natural numbers and Z+ = NU {0}. Let Vp be the normalized exponential valuation 
of Cp with IpIp = p-^f(p) = l/p. Let f/D(Zp) be the space of uniformly differentiable 
function on Zp. For / G UD{'Lp), the p-adic invariant integral on Zp is defined as 

/(/) = / f{x)dx = hm 4 E /(^)' (^^^ [6])- (1) 
From the definition (1), we have 

= + /'(O), where /'(O) = ^\,=o and = /(x + 1). (2) 

Let fn{x) = f{x + n), {n G N). Then we can derive the following equation (3) from (2). 



n 
j=0 



(3) 
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It is well known that the ordinary Bernoulli polynomials Bn{x) are defined as 

^e- = 5]5„(x)-, (see [1-25]), 

n=0 

and the Bernoulli number S„ are defined as S„ = -B„(0). 
Let d a fixed positive integer. For n e N, we set 

X^Xd^ lim (z/dp^'L] , Xi = Zp; 
X*^ [j {a + dpZp); 

0<a<dp, 
(a,p)=l 

a + dp^Zp — { X E X\ X = a (mod dp^) }, 
where a e Z lies in < a < dp^. In [6], it is known that 

[ f{x)dx^ I f{x)dx, iorfeUD{Zp). 
Jx Jzp 

Let us take f{x) — e*^. Then we have 

/ e'^dx^^^J^B--- 

'^v n=0 

Thus, we note that 

x'^dx = n e Z+, (see [1-25]). 

Let X be the Dirichlct's character with conductor d G N. Then the generalized Bernoulli 
polynomials attached to x defined as 

El^'=" = ES".xW^. (-<'1221). (4) 

a=l n=0 

and the generalized Bernoulli numbers attached to x, Bn^x defined as Bn,x = Bn,x{^)- 
In this paper, we investigate the interesting identities of symmetry for the generalized 
Bernoulli numbers and polynomials attached to x by using the properties of p-adic invari- 
ant integral on Zp. Finally, we will give relationship between the power sum polynomials 
and the generalized Bernoulli numbers attached to x- 
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§2. Symmetry of power sum and the generalized Bernoulli polynomials 

Let X be the Dirichlet character with conductor d G N. From (3), we note that 

/xWe-A^ '^ff^f' ^fi?..,^. (5) 
''^ e i n. 



where Bn,x{x) are n-th generahzed Bernoulh numbers attached to x- Now, we also see 
that the generahzed Bernoulh polynomials attached to x a^^e given by 



By (5) and (6), we easily see that 

/ x{x)x''dx ^ Bn,x, and / xiy)(x + y)''dy ^ Bn,x(x). (7) 
Jx J X 



From (6), we have 



£=0 

From (6), we can also derive 

''^ i=0 n=0 i=0 

Therefore, we obtain the following lemma. 
LemmaI. For n e we have 

d-l 



^ „ „ oo nd—1 



(8) 



We observe that 
Thus, we have 



nd-l 
fc=0 €=0 
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Let US define the p-adic functional Tk{X: n) as follows: 

n 

Tk{x,n) = J2xim', for keZ+. 

e=o 

By (10) and (11), we see that 

^ ( ^ xix)e^'"'^'^'dx - e^'dx) = (r,(x, nd - 1)) ^. 
By using Taylor expansion in (12), we have 

Jx Jx 

That is, 

Bk,x{nd) - Bk,x = kTk-i{x, nd - 1). 
Let Wi,W2,d e N. Then we consider the following integral equation 

d /^x(^i)x(^2)e("'i^i+"'2^^)*dxidx2 

X 



-(^X(a)e-^'^*)(^x(6)e-''*). 



Prom (9) and (12), we note that 

JX k=o 

Let us consider the p-adic functional T^(wi, W2) as follows: 

X fyX(a;i)x(a;2)e("'i^^+^^^^+"'i^^^)*da:idx2 

Then we see that T-^{wi, W2) is symmetric in wi and ^2, and 
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By (16) and (17), we have 



1=0 k=0 

1 /^.^ Bi,^{w2x)Te_,{x,dw, - l)^wr*£!,t^ 



(1^ 



t 



From the symmetric property of T^{wi, W2) in Wi and W2, we note that 



1 /^.y^ ^i,x(wia;)w^r^_^(x,c?W 2 - l)w[-H\^t^^ 



V^^^ i\(e-i)\ 

£=0 i=0 ^ ' 

- E (E [A^\-'<-'B^,Aw,x)TUx.dw, - 1))-. 



(19) 



By comparing the coefficients on the both sides of (18) and (19), we obtain the following 
theorem. 

Theorem 2. For wi,W2,d eN, we have 



E [■)Bi,^{w2x)Te_i{x,dwi - l)w\ ' 
E [■] Bi,x{'^ix)Te_i{X: dw2 - l)w^"X 



Let X = in Theorem 2. Then we have 



J2 (^)B,,^Te^i{x,dw, - l)w{-'wt' 
= E C)Bi,xTe-^{x,dw2 - l)w'2~'w[-\ 
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By (15) and (17), we also see that 



, wiW2Xt r . ,^ 

T^{w^,W2) = ( / x(^i)e"^"^*cia:i)(- 



Wl Jx 



i=0 

uii— 1 d—1 



/ x(:^i)e-^^-^*rfa;i)(5]5]e-^(^+^'^)*x(^ + ^rf) 



(20) 



dw 1 — 1 



= - E ^(^) / X(^i)e"'^^^^^"'^^+-^^*dxi 

^ dull — 1 OO l,.!. 

^ 1=0 fe=0 
fe=0 i=0 ^ 

From the symmetric property of T^{wi, W2) in Wi and ^2, we can also derive the following 
equation. 

U12 — 1 d— 1 

X(3:2)e"^"^*da;2) ( ^ e"^"'*) ( E ^(^)^""*) 



dw2 — l 



i=Q 



(21) 



^ dW2 — 1 00 1. , J. 

^ i=0 fc=0 ^ 

00 dUl2 — 1 ^J; 

= E{ E xm^A^ix +'^£)w\-^'\-. 

k=0 i=0 ^ 

By comparing the coefficients on the both sides of (20) and (21), we obtain the following 
theorem. 
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Theorem 3. For wi,W2,d eN, we have 



1^ ^1 ^2 



Remark. Let x — in Theorem 3. Then we see that 

dull — 1 dw2 — l 

j=0 1=0 

// we toA;e W2 — 1, then we have 

dwi—l . d—1 



W2 



E x(0^fe,x(— K ' = E^(^)^^'xM- 

i=0 ^ i=0 
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